We construct a family of non compact Spin(7) metrics which are an R bundle over closed G 2 structures. These G 2 structures are R 3 bundles over 4-dimensional compact quaternion Kähler spaces. The inspiration for the anzatz for the Spin(7) metric comes from the Bryant-Salamon construction of G 2 holonomy metrics and from the fact that the twistor space of any compact quaternion Kähler space is Kähler-Einstein. Nevertheless the Spin(7) family presented here, to our knowledge, it was not investigated in the literature before.
Presentation of the results
The main result of the present work is stated in the following proposition.
Proposition Let us consider a compact quaternion Kähler space M in d = 4 with metric g q and with cosmological constant Λ normalized to 3. For any of such metrics there always exist a basis e a such that g q = δ ab e a ⊗ e b for which the Sp(1) part of the spin connection ω a − and the negative oriented Kähler triplet J i defined by 
(1.1)
Let τ and u i be four new coordinates, u = √ u i u i , α i = du i + ǫ ijk ω j − u k and H a τ -independent one form. Then the 8-dimensional metric
2)
together with the four form
1 ∧ e 2 ∧ e 3 ∧ e 4 , * firenzecita@hotmail.com constitute an Spin(7) structure preserved by the Killing vector ∂ τ . Moreover if H satisfy
will be closed and therefore, the holonomy of the metric (1.2) will be included in Spin(7).
We will show below that the integrability condition for (1.3), namely
is always satisfied due to the fact that the twistor space Z of any compact quaternion Kähler space M carries a Kähler-Einstein metric of positive scalar curvature [1] and the left hand side of (1.3) is the Kähler form for such metric. Also, the closure of Φ 4 follows directly from the formulas (2.13) given below. By construction, the vector field ∂ τ is Killing and if the quaternion Kähler basis possess an isometry group G which preserves the forms ω i − , then G will be an isometry of g 8 . The construction of Spin(7) holonomy metrics that follows from the proposition can also be applied to quaternion Kähler orbifolds.
We would like to remark that the metrics (1.2) possess in the majority of the cases irreducible curvature tensor and holonomy exactly Spin(7). To our understanding, such metrics are not the same than the Bryant-Salamon ones [2] . We do not know if these metrics were investigated in the literature before, the literature that we know is [13] - [29] and it is not evident for us that these works bears any relation with our.
A subtle detail
There is a detail to take with care. We are using strictly the normalization κ = 1 for the quaternion Kähler metric g q . We make this choice for convenience, the reasons will be clear below. But let us note that any metric of the form (1.2) can be written as
being g ′ a 7-dimensional metric of the form
The reader familiar with the Bryant-Salamon construction will probably find the family of metrics g ′ similar to one of the G 2 holonomy families found in [2] . Indeed, with the normalization κ = 1, there is one of the Bryant-Salamon families taking the form
At first sight both metrics g bs and g ′ are very similar, the only difference is a factor two in one of the terms. Naively, one can suspect that this factor can be reabsorbed in an scaling of coordinates and therefore g ′ will also possess holonomy in G 2 . This is not true. We are being strict in the normalization of the κ = 1 for the metric g q and for this reason, if we want to eliminate this factor two by a rescaling, such rescaling should affect only the coordinates u i .
It is not difficult to check there is no such transformation. This means in particular that g ′ is not in general a G 2 holonomy metric. We have checked this fact by calculating its curvature tensor which, due to this factor two, is not octonion self-dual as in the Bryant-Salamon case. Moreover, it is not Ricci-flat. Clearly, this differences between these two metrics can not be eliminated by any change in the normalization of κ. Therefore g ′ and g bs have very different properties. We will show below that g ′ is conformal to a closed G 2 structure [8] - [12] , but not co-closed.
Proof of the results

Quaternion Kähler spaces in brief
A key ingredient in order to construct the metrics (1.2) are quaternion Kähler manifolds and so, it is convenient to give a brief description of their properties. By definition, a quaternion Kähler space M is an euclidean 4n dimensional space with holonomy group Γ included into the Lie group Sp(n) × Sp(1) ⊂ SO(4n) [4] - [6] . This affirmation is non trivial if D > 4, but in D = 4 we have the well known isomorphism (4) and so to state that Γ ⊆ Sp(1) × Sp(1) is the same that to state that Γ ⊆ SO(4). The last affirmation is trivially satisfied for any oriented space and gives almost no restrictions about the space, therefore the definition of quaternion Kähler spaces should be modified in d = 4. Their main properties are the following.
-There exists three automorphism J i (i = 1 ,2, 3) of the tangent space T M x at a given point x with multiplication rule J i ·J j = −δ ij +ǫ ijk J k , and for which the metric g q is quaternion hermitian, that is
being X and Y arbitrary vector fields.
-The automorphisms J i satisfy the fundamental relation
with ∇ X the Levi-Civita connection of M and ω i − its Sp(1) part. As a consequence of hermiticity of g, the tensor
c a g cb is antisymmetric, and the associated 2-form 6) being d the usual exterior derivative.
-Corresponding to the Sp(1) connection we can define the 2-form
being Λ certain constant and κ the scalar curvature. The tensor R a − is the Sp(1) part of the curvature. The last two conditions implies that g is Einstein with non zero cosmological constant, i.e, R ij = 3κ(g q ) ij being R ij the Ricci tensor constructed from g q . Notice that (2.8) is equivalent to (1.1) if we choose the normalization κ = 1.
-For any quaternion Kähler space the (0, 4) and (2, 2) tensors
are globally defined and covariantly constant with respect to the usual Levi Civita connection.
-Any quaternion Kähler space is orientable.
-In four dimensions the Kähler triplet J 2 and the one forms ω
In this dimension quaternion Kähler spaces are defined by the conditions (2.8) and (2.7). This definition is equivalent to state that quaternion Kähler spaces are Einstein and with self-dual Weyl tensor.
The twistor space of a quaternion Kähler space
Another very important property about compact quaternion Kähler spaces is that its twistor space is Kähler-Einstein. In order to define the twistor space let us note that any linear combination of the form J = u i J i is an almost complex structure on M, and the metric g q is hermitic with respect to it. Here we have defined the scalar fields u i = u i /u and it is evident that they are constrained by the condition u i u i = 1. This means that the bundle of almost complex structures over M is parameterized by points on the two sphere S 2 . This bundle is known as the twistor space Z of M. The space Z is endowed with the metric
where we have defined
The metric (2.9) is six dimensional due to the constraint u i u i = 1. Corresponding to this metric we have the Kähler two form
It has been proved in [1] that J is integrable and J is closed (see also [3] ), therefore J is truly a complex structure and g 6 is Kähler. The calculation of the Ricci tensor of g 6 shows that it is also Einstein, therefore the space Z is Kähler-Einstein. We are using the normalization κ = 1 here, for other normalization certain coefficients must be included in (2.10). Let us introduce the covariant derivative
which is related to θ i by
With the help of this relation and the definition (2.10) it follows that
The last expression will be needed in the following, although it is completely equivalent to (2.10). Also, the following formulae
relating J i and α i will be useful for our purposes. 1 For instance, the closure of (2.12) is a direct consequence of the second (2.13) together with (2.6).
A proof of the proposition
Let us go back to our task of constructing the metric (1.2). Our starting point is an eightdimensional metric anzatz of the form
h g 7 , (2.14)
being g 7 a metric over a 7-manifold Y and h a function over Y . Neither the one form H nor the function h depends on t, therefore the vector field ∂ t is, by construction, Killing. Associated to the metric (2.14) we can construct the octonionic 4-form
being Φ a G 2 invariant three form corresponding to the metric g 7 and * Φ its dual. The precise form for Φ will be found below. If we impose the condition dΦ 4 = 0 then the metric g 8 will have Spin(7) holonomy. 2 We will suppose that the seven dimensional metric g 7 is of the form 16) being g q a quaternion Kähler metric in d = 4 and α i defined in (2.11). The functions f , g will depend only on the "radius" u = √ u i u i . The form (2.16) for the 7-metric is well known and is inspired in the Bryant-Salamon construction for G 2 holonomy metrics [2] . For a metric with G 2 holonomy we have dΦ = d * Φ = 0 but we will not suppose that the holonomy of (2.16) is G 2 , as in the Bryant-Salamon case. Instead we will consider 7-spaces for which the form Φ is closed but not co-closed. These are known as closed G 2 structures [8]- [12] . In this case the Spin(7) holonomy condition dΦ 4 = 0 for (2.15) will reduce to
We will find below a suitable H and g 7 for which (2.17) gets simplified even more. It seems reasonable for us to choose H in (2.15) such that
The reason for this election is that the integrability condition dJ = 0 will be automatically satisfied because, as we have seen above, the two form J is the Kähler form of a Kähler-Einstein metric. Here λ is a parameter, and the minus sign was introduced by convenience. Also, by selecting the basis
for (2.16), we can construct the G 2 invariant three form
and its dual
Here e α is a basis for the quaternion Kähler metric g q . As we stated above, we will consider 7-spaces for which the form Φ is closed but not co-closed. In other words we will have that dΦ = 0 but d * Φ = 0. We also suppose that f , g and h are functions of the radius u only. By using (2.13) it follows that the closure condition dΦ = 0 for (2.19) leads to the equation 21) where the tilde implies the derivation with respect to u. This is one of the equations that we need. By another side, with the election (2.18) for H and using that dΦ = 0 it follows from (2.15)
and therefore the Spin(7) holonomy condition dΦ 4 = 0 is equivalent to
From (2.19) and (2.12) we see that the left side of (2.23) is
(2.24) By using the formula u i α i = udu and that
we can reexpress (2.24) as 
If we were able to solve the system (2.27) then we will obtain a family of Spin (7) holonomy metrics based on arbitrary quaternion Kähler spaces. We do not know its general solution, but we have found a particular one. It is not difficult to check that indeed
is a solution of (2.27). By introducing it into the expression (2.14) and by defining the variable τ = t/λ and rescaling by g 8 → λ −1 g 8 we obtain the proposition stated above.
The self duality of the spin connection
Let us calculate explicitly the spin connection ω ab of the metric (1.2). We choose the basis
being e α a basis for g q with α = 1, 2, 3, 4 and i = 1, 2, 3. With the help of the first Cartan equation
where m an index that can be latin or greek, we obtain the following components of the spin connectionω
By using that 2ω These conditions forω mn can be written more concisely aŝ
and this is equivalent to say that, for the basis e m , the spin connectionω mn is self-dual. This is something characteristic for any metric with holonomy in Spin(7) and give us confidence that the family of metrics that we have found is indeed correct.
